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A class of nonlocal hidden variable theories is shown to be incompatible with quantum mechanics.
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Entanglement is one of the most characteristic and
puzzling traits of quantum mechanics. Einstein [1] and
Schro¨dinger [2] were the first to point out its counterin-
tuitive aspects (and always nurtured doubts about it).
Their seminal observations were bounded to the domain
of interpretation and one had to wait 30 years until Bell
[3] showed that it is impossible to reproduce the effects
of entanglement in terms of classical correlations. Bell’s
theorem brought to light a very interesting aspect of
the quantum mechanical correlations: they are stronger
than their classical counterpart and have a nonlocal fla-
vor. Both these features can be framed in the form of
an inequality that is violated by two entangled quan-
tum mechanical particles. When the particles are at
a distance, no explanation in terms of a local (hidden-
variable) model is possible.
Nowadays, entanglement is viewed as a fundamental
resource in quantum applications and quantum informa-
tion [4, 5]. At the same time, it preserves its spell, proba-
bly because of its mysterious and counterintuitive facets.
One of these is certainly its role in the subtle interplay
between nonlocality and a realistic description of natural
phenomena.
The present Letter deals with hidden variables and
elaborates on Bell’s seminal idea that quantum mechan-
ics is incompatible with their existence. Bell considered
local hidden variable theories. Nonlocal hidden variables
were investigated in the 70’s [6, 7] and have recently at-
tracted renewed attention due to a proposal by Leggett
[8], who considered a particular class of nonlocal hidden-
variable theories, that hinge upon rather natural assump-
tions, yield predictions at variance with quantum me-
chanics and have the important physical feature of being
experimentally falsifiable. These theories were experi-
mentally ruled out a few years after their proposal [9, 10].
In this Letter we consider a class of theories that are
nonlocal, but not “fully” nonlocal, in the sense that four
fifths of the parties involved in an experiment can share
nonlocal information among themselves, but not with the
fifth one. We show that quantum entanglement yields
correlations that are in contradiction even with such a
form of nonlocality.
Let five parties, Alice, Bob, Charlie, Diana and Esther
(A,B,C,D and E, respectively), share five qubits in the
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FIG. 1: Alice, Bob, Charlie, Diana and Esther share five
qubits in state (1) and perform independent (space-like sepa-
rated) measurements. For the sake of argument, A,B,C and
D are displayed at the left of the particle source S, while E
is at the right. (Esther means star in Persian, so it is not
improper to consider her separated from the others.)
state
|ψ5〉 = 1√
32
[|00000〉+ |00001〉+ |00010〉+ |00011〉
+ |00100〉 − |00101〉 − |00110〉+ |00111〉
+ |01000〉 − |01001〉 − |01010〉+ |01011〉
+ |01100〉+ |01101〉+ |01110〉+ |01111〉
+ |10000〉+ |10001〉 − |10010〉 − |10011〉
+ |10100〉 − |10101〉+ |10110〉 − |10111〉
− |11000〉+ |11001〉 − |11010〉+ |11011〉
− |11100〉 − |11101〉+ |11110〉+ |11111〉], (1)
where 0 and 1 denote the two eigenstates of the third
Pauli matrix and the qubits belong to A,B,C,D and
E, respectively. State (1) is very entangled: it is a so-
called maximally multipartite entangled state (MMES)
[11]. We shall assume henceforth that the measurements
done by A,B,C,D and E are independent (space-like
separated). See Fig. 1.
Direct calculation yields
〈ZAXBXC1D1E〉 = 1, (2)
〈XAZB1CZD1E〉 = 1, (3)
〈YAYB1C1DZE〉 = 1, (4)
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2〈YA1BZCYD1E〉 = 1, (5)
〈XA1BYC1DYE〉 = 1, (6)
〈ZA1B1CXDXE〉 = 1, (7)
〈1AYBYCXD1E〉 = −1, (8)
〈1AZBZC1DXE〉 = 1, (9)
〈1AXB1CYDYE〉 = −1, (10)
〈1A1BXCZDZE〉 = 1, (11)
〈XAXBZCXDZE〉 = −1, (12)
〈XAYBXCYDXE〉 = −1, (13)
〈YAXBYCZDXE〉 = 1, (14)
〈YAZBXCXDYE〉 = 1, (15)
〈ZAYBZCZDYE〉 = 1, (16)
〈ZAZBYCYDZE〉 = 1, (17)
where X,Y, Z are Pauli matrices, 1 is the unit operator,
the tensor product is omitted and the average is taken
over state (1).
It is very simple to see that the above correlations can-
not be obtained from a local hidden variable model: in-
deed, if every quantum mechanical operator is replaced
by a (local) classical dichotomic variable, the system (2)-
(17) admits no solution. This comes as no surprise, by
virtue of the large entanglement of the MMES (1). We
now ask whether a nonlocal hidden variable description
is possible. We start by observing that if a “full” nonlo-
cality is assumed, the problem is trivial: again, if every
operator is replaced by a dichotomic variable, any equa-
tion in (2)-(17) can be solved independently of any other
equation (because the equations are independent and the
dichotomic variables, being nonlocal, can depend on the
values of the other variables in the same equation). Let us
therefore slightly relax our assumptions and require that
the outcomes of the measurements of A,B,C and D may
nonlocally depend on each other, but not on those of E.
Therefore, Esther’s decision to measure, say, spin along
x, rather than y or z, can neither influence the decisions
of A,B,C and D, nor determine the outcomes of their
measurements (except, of course, via local variables, such
as e.g. those originating in the common source S). More-
over, Esther’s choices and outcomes are independent of
those of A,B,C and D.
At the mathematical level, we assume that
xA(a, b, c, d, λ), yA(a, b, c, d, λ), zA(a, b, c, d, λ),
and similarly for B,C and D, (18)
xE(e, λ), yE(e, λ), zE(e, λ), (19)
where xA is the dichotomic variable [13] that corresponds
to the quantum observable XA in (2)-(17), the meaning
of the other variables is obvious, a, b, c, d and e are short-
hand notations to denote the settings and additional vari-
ables of any apparata located close to A,B,C,D and E,
respectively, and λ are additional (local) parameters. As
previouly stipulated, xA (as well as any other dichotomic
variable pertaining to A,B,C and D) does not depend on
the settings e of any apparata or variables located close
to E, and xE (as well as any other dichotomic variable
pertaining to E) does not depend on the settings a, b, c, d
of any apparata or variables located close to A,B,C or
D.
Let now Esther measure one of her dichotomic vari-
ables xE , yE or zE and get one of the following outcomes
xE = γ, yE = δ, zE =  (γ, δ,  = ±1). (20)
By usual local-realistic arguments, any of the possible
outcomes (20) must be pre-determined and exist inde-
pendently of observation. Assume now that the quan-
tum mechanical predictions are valid, in the sense that
the correlations (2)-(17) correctly reproduce the measure-
ments of A,B,C,D and E. It is then straightforward to
see that Eqs. (2)-(17) translate into (we suppress for con-
ciseness the dependence of all the variables on a, b, c, d
and λ)
zAxBxC = 1, (21)
xAzBzD = 1, (22)
yAyB = , (23)
yAzCyD = 1, (24)
xAyC = δ, (25)
zAxD = γ, (26)
yByCxD = −1, (27)
zBzC = γ, (28)
xByD = −δ, (29)
xCzD = , (30)
xAxBzCxD = −, (31)
xAyBxCyD = −γ, (32)
yAxByCzD = γ, (33)
yAzBxCxD = δ, (34)
zAyBzCzD = δ, (35)
zAzByCyD = . (36)
Simple scrutiny of Eqs. (21)-(36) shows that they admit
no solution for any of the 8 possible combinations (20).
A nonlocal hidden variable model of the type (18)-(19) is
therefore unable to reproduce the quantum correlations
(2)-(17). This is what we wanted to prove.
An experimental test of the nonlocal hidden-variable
theories considered in this Letter involves some concep-
tual subtleties that are worth discussing. At the same
time, this discussion will help us sharpen our argument.
We start by observing that most of the sixteen measure-
ments (21)-(36) are incompatible [not all: simultaneous
measurements of (23) and (30), (25) and (29), (26) and
(28) are possible], so A,B,C and D must repeat their
experiment at least 16 − 3 = 13 times, each time with
3different settings of the polarizers, in accord with the left
hand sides of Eqs. (21)-(36).
A possible experiment is the following. A,B,C and
D, space-like separated from each other (and from E),
start by sharing N( 13) identical ensembles of five par-
ticles in state (1). Then, in each run, they independently
set their polarizers (their decisions being space-like sepa-
rated) and measure their observables. Having completed
their N measurements [14], they communicate to each
other their polarizer settings and check which subset of
joint measurements coincides with the left hand sides of
Eqs. (21)-(36); at the same time, they share their out-
comes and multiply those relative to the “useful” mea-
surement subset, obtaining a list of digits (±1) [15]. Fi-
nally, they endeavor to give a nonlocal explanation of
their outcomes: for example, if, in a given experimental
run, the joint observable (27) was measured, Bob (after
having compared his outcomes with those of Charlie and
Diana) will be allowed to justify his finding by (nonlo-
cally) concluding that
yB(a, b, c, d, λ) = −yC(a, b, c, d, λ)xD(a, b, c, d, λ). (37)
By assuming that E is independent [in the sense of (18)-
(19)] and of course at a space-like distance, the prod-
ucts of measurement outcomes (Einstein’s “elements of
reality” [1] [16]) obtained by A,B,C and D in their mea-
surements must have been determined in advance (before
the measurements were actually perfomed). By assuming
that quantum mechanics is valid and experimental un-
certainties/errors negligible, these products of outcomes
must coincide with the right-hand sides of Eqs. (21)-(36).
However, the system (21)-(36) admits no solution. By
further assuming that the state of the particles yields a
complete description of the latter and is the same in all
experiments (a form of realism), the incompatibility be-
tween quantum mechanics and nonlocal hidden-variable
theories is estabilished. It goes without saying that the
above argument hinges on some form of counterfactual
definiteness [12].
We close with a few comments. First of all, we no-
tice that Esther plays no special role. Similar results
are obtained by permuting the parties A,B,C,D and E
(e.g., if one assumes that the outcomes of B,C,D and E
nonlocally depend on each other but do not depend on
those of A, and so on). Second, the situation depicted in
Fig. 1 is instrumental in making our argument, the only
relevant assumptions being (18)-(19). Third, it may ap-
pear artificial to set one party aside from the other four.
However, as observed in the paragraph that precedes Eq.
(18), a fully nonlocal hidden-variable model cannot be
discriminated from quantum mechanics and invoking the
lack of symmetry among the five parties as a possible
way out of the nonlocality-vs-quantum-mechanics puzzle
seems to us even more artificial. Finally, it is natural
to ask whether the present analysis can be extended to
a larger number of parties. An extension to six parties
is certainly possible, as perfect MMES are known to ex-
ist for N = 6 qubits [11]. An extension to N ≥ 7 (and
possibly N →∞) is nontrivial and under investigation.
We have proved that nonlocal hidden-variable models
satisfying conditions (18)-(19) are in contradiction with
quantum mechanics. The results obtained in this Let-
ter suggest that in the incompatibility between quantum
mechanics and local realism established by Bell, the real
problem is realism, namely the capability of defining a
reality that is independent of measurement.
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